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Abstract 

Lattice Gauge Theory in 4-dimensional Euclidean space-time is generalized to ribbon 
categories which replace the category of representations of the gauge group. This provides 
a framework in which the gauge group becomes a quantum group while space-time is still 
given by the 'classical' lattice. At the technical level, this construction generalizes the 
Spin Foam Model dual to Lattice Gauge Theory and defines the partition function for a 
given triangulation of a closed and oriented piecewise-linear 4-manifold. This definition 
encompasses both the standard formulation of c? = 4 pure Yang-Mills theory on a lattice 
and the Crane- Yetter invariant of 4-manifolds. The construction also implies that a 
certain class of Spin Foam Models formulated using ribbon categories are well-defined 
even if they do not correspond to a Topological Quantum Field Theory. 
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1 Introduction 

The formulation of gauge theory on a lattice Q combines manifest gauge symmetry with the 
path integral approach although space-time cannot be retained as a smooth manifold and is 
replaced instead by a discrete structure. In the present paper Lattice Gauge Theory (LGT) 
always refers to pure gauge theory in Euclidean space-time. 

LGT offers a number of generalizations that do not have a nai've continuum analogy such 
as gauge theory with finite gauge groups. Furthermore in three dimensions it is possible to 
define LGT for quantum groups ||2|,^. Combining the various actions and Boltzmann weights 
with suitable 'gauge groups' (finite groups. Lie groups or quantum groups), this model has 
several special cases that belong to different branches of physics and mathematics. It is at the 
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centre of the relation between LGT with Yang-Mills [y or with Chern-Simons action |^,|5|, 
the Turaev-Viro invariant of 3-manifolds [^,0], a purely algebraic construction of Topological 
Quantum Field Theory [Q,^ and 3-dimensional Euclidean quantum gravity without or with 
cosmological constant [§. 

At least some of the above constructions are known to have analogies in four dimensions. 
Even though the question of which is a suitable unified model remains unsolved in full gener- 
ality, some of the relations known from three dimensions persist also in four dimensions. In 
the present paper we concentrate one the standard formulation of LGT and on the Crane- 



Yetter state sum [|, 10 1. We present a definition which encompasses both and generalizes 
four-dimensional LGT to quantum groups. Technically this is realized for ribbon categories 
which arise as the categories of representations of certain quantum groups and which replace 
the category of representations of the gauge group of LGT. 

The main result of the present paper is the existence of such a generalized LGT in four- 
dimensional Euclidean space-time using ribbon categories. This model contains the Crane- 
Yetter state sum as a special case for a particular Boltzmann weight and agrees on the other 
hand with the Spin Foam Model which is strong-weak dual to LGT if the ribbon category 
is the category of finite-dimensional representations of a compact Lie group. Beyond this, it 
provides a definition of Spin Foam Models in d = 4 using ribbon categories which includes in 
particular the proof that this construction is well-defined even in cases in which the model 
does not correspond to a Topological Quantum Field Theory. 

At the technical level, the construction of these Spin Foam Models using ribbon categories 
can be motivated from the following observations. From the study of non-perturbative quan- 
tum gravity it has emerged that LGT admits a reformulation as a Spin Foam Model — see, 
for example |8|,^,12]. Many models of interest in quantum gravity are either Topological 



Quantum Field Theories and use 'delta-functions' as Boltzmann weights (for example [[L3| ), 
or they are topological up to constraints which do not change the weights, but restrict the 
set of admissible representations. This is the case for some versions of the Barrett-Crane 
model ig. 

LGT, however, admits more general Boltzmann weights, 

w.G^-R, g ^ exp{-s{g)). (1.1) 

Here the compact Lie group G is the gauge group, the (local) action s: G ^ IR, is a real, 
bounded and L^-integrable class function, and the Boltzmann weight w(g) is evaluated for 
each plaquette of the lattice. This model encompasses lattice Yang-Mills theory, for example 
using Wilson's action, but it is not restricted to this case. For general background on LGT 



the reader is referred to standard textbooks, for example |15, 1^. 

The Spin Foam Model corresponding to the standard formulation of LGT on a hypercubic 
lattice was constructed in detail in where it was found that it generalizes the strong-weak 



dual of LGT which had been known only in the Abelian case |18, 1^ and for SU{2) in d = 3 
before. The Boltzmann weight (^]^) enters the Spin Foam Model via the coefficients Wp of its 
character expansion, 

w{g) = ^pX^'Hg), Wp = dimVp j WK9)w{g)dg. (1.2) 
pen 

Here x^^'^ : G — > C denotes the character of the finite-dimensional irreducible representation 
Vp, the sum is over equivalence classes of finite-dimensional irreducible representations of G, 
and is the normalized Haar measure on G. 
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The way the coefficients Wp appear in the Spin Foam Model dual to LGT compared 
with the Ooguri state sum |13] indicates that there exists a unified construction encompassing 
both. In addition, the fact that the Crane- Yetter state sum [|, 10| can be understood as a 
generalization of the Ooguri model to quantum groups, suggests the construction given in the 
present paper. 

The strategy for the definition of c? = 4 LGT using ribbon categories is as follows. The 
construction is based on a triangulation of a closed and oriented piecewise-linear four-manifold 
M which is specified by an abstract combinatorial complex. In the special case of a Lie group 
symmetry, the definition shall coincide with the Spin Foam Model dual to LGT if that LGT 
is formulated on the 2-complex dual to the triangulation (note that we formulate the Spin 
Foam Model on the triangulation itself following [jlO|). In the Lie group case, both pictures are 
available: the Spin Foam Model on the triangulation and LGT on the dual 2-complex. They 
are dual to each other in the sense of |17|. Physically this means strong- weak duality between 
LGT and the Spin Foam Model while on the mathematical side the two models are related by 
a Tannaka-Krein like reconstruction theorem relating LGT (formulated in terms of the gauge 
group G) with the spin foam model (formulated in terms of the category of representations 
RepG). For details on quantum groups, ribbon categories and the reconstruction theorems, 
the reader is referred to standard textbooks such as [21, 22|. 

The generalization takes place in the spin foam picture where the category Rep G is 
replaced by a suitable ribbon category C. Loosely speaking, using the reconstruction theorems, 
this provides a definition of LGT in which the gauge group is replaced by a quantum group. 
Technically, the notion of gauge group is lost, but one can think of replacing the algebra 
of representation functions Caig(G) by a non-commutative algebra (a suitable ribbon Hopf 
algebra) while space-time is still given by the 'classical' lattice. 

The generalization from RepG to a generic ribbon category C involves choices of the 
ordering of tensor factors and choices of the braiding whenever tensor factors are exchanged. 
These choices are not at all obvious from the Lie group case which involves only the symmetric 
category Rep G. 

The method to achieve a consistent definition in the Spin Foam picture is to choose a 
linear order of vertices for the combinatorial complex and to define the partition function 
in a way that employs special choices and that refers explicitly to that order. It is then 
possible to show in a second step that the partition function is actually independent of the 
order (combinatorially invariant) and is thus well-defined for a given triangulation. This 
approach can be seen as a generalization to four dimensions of the strategy which Barrett 
and Westbury employ in their approach to the Turaev-Viro invariant 

Another point of view on the definition given in the present paper is related to the con- 



struction of the Crane- Yetter state sum in [10|. The authors of [|T^ first show that the state 
sum is independent of the triangulation which in our terminology relies on the choice of a 
particular Boltzmann weight. Triangulation independence then implies combinatorial invari- 
ance and thus establishes that the state sum is well-defined. As an alternative proof, it is 
conceivable to show combinatorial invariance in the first step. This holds for any choice of 
Boltzmann weights. One could then prove in a second step that the choice of special Boltz- 
mann weights implies triangulation independence by standard arguments as in |9|,|^,|l^. The 
construction presented in the present paper can be viewed as the first of these two steps. 

Finally, we would like to mention D. V. Boulatov's approach to LGT for quantum groups 
in 3 dimensions His construction makes use of the general result of Reshetikhin and 
Turaev [23| establishing a functor from the category of ribbon graphs in to the ribbon 
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category C. The strategy in [Q] is to construct a suitable ribbon graph in the triangulated 
manifold which then yields a well-defined partition function as the quantum trace of a ribbon 
morphism. 

A related definition of d = 3 LGT for quantum groups was developed by R. Oeckl in 
which the duality between LGT and its dual Spin Foam Model is understood entirely in terms 
of manipulations of ribbon graphs. The approach of |^] also develops the correspondence of 
ribbon categories with suitable quantum groups, namely coribbon Hopf algebras, in a way 
that transparently generalizes the duality transformation of the Lie group case. 

However, since the Reshetikhin-Turaev functor is available only for ribbon graphs in R^, 
these approaches do not have a direct generalization to higher dimension. In the present 
paper, we use the functor mainly to justify diagrammatic calculations. 

The present paper is organized as follows. In Section ^, we review some mathematical 
background on the Peter- Weyl theory for compact Lie groups and on ribbon categories, and 
we introduce our notation for combinatorial and simplicial complexes. The duality transfor- 
mation for LGT with Lie gauge groups which was derived in on a cubic lattice is reviewed 
in Section ^ and formulated there on a 2-complex. In Section ^, we define the Spin Foam 
Model generalizing the dual of LGT to suitable ribbon categories. This section contains the 
definition of the partition function, the proof that it is well-defined and comments on the 
construction of observables and on the role played by the gauge transformations in the Spin 
Foam Model. In Section ||, we indicate how these definitions specialize to the standard for- 
mulation of LGT with a compact Lie group (or a finite group) as the gauge group and to 
the Crane- Yetter invariant. We also comment on possible generalizations and relations with 
other spin foam models. Section ^ contains a conclusion and comments on open questions. 

2 Preliminaries 

2.1 Peter- Weyl Theory 

In this section, we briefly summarize definitions and basic statements related to the algebra 
of representation functions Caig(G) of G where G is a compact Lie group (or a finite group). 
These results are needed in Section |3| in order to present the duality transformation relating 
LGT and the Spin Foam Model. For more details, the reader is referred to the introduction 
of H or to textbooks such as ||,|2|]. 

2.1.1 Representation functions 

Finite-dimensional complex vector spaces on which G is represented are denoted by Vp and by 
p: G ^ Aut Vp the corresponding group homomorphism. Let TZ denote a set containing one 
unitary representative of each class of finite-dimensional representations and TZ the subset of 
irreducible representations. For a representation p G TZ, the dual representation is denoted 
by p* , and the dual vector space of Vp hy V* . The dual representation is given by />* : G i— > 
AutVp, where p*{g): V* V*, rj \—>- rj o p{g~^), i.e. {p*{g)ri){v) = r]{p{g~^)v) for ah v G Vp. 
There exists a one-dimensional 'trivial' representation of G which is denoted by Vj^] = C 

For the unitary representations Vp, /9 G 7^, there exist standard sesquilinear scalar products 
(•; •) and orthonormal bases {vj) in such a way that the basis {vj) of Vp is dual to the basis 
{t]^) of Vp, i.e. rf {vk) = 5^. Duality is here given by the scalar product, i.e. {vj;vk) = rj'^ivk) 
and (r]-']rf) = ri^{vj), 1 < j,k < dimV^. 



2.1 Peter-Weyl Theory 
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The complex-valued functions 

t(^):G^C, g^rj{p{g)v), (2.1) 

where p £ TZ, v e Vp and 77 G V*, are called representation functions of G. They form a 
commutative and associative unital algebra over C, 

Caig(G):={t(^): pen,veVp,r,eV;}, (2.2) 

whose operations are given by 

iii + t^:l)i9) ■■= i'Z%Jg), (2.3a) 
■■= iZi^Jg), (2.3b) 

for p,a eTZ and -u € T^o, € K, G V'p , e and 3 G G. The zero element of Caig(G) is 

^00(5') ~ ^ unit clement t\fju{g) = 1 where the normalization is such that 77(f) = 1. 

The algebra Caig(G) is furthermore equipped with a Hopf algebra structure employing the 
coproduct A: Caig(G) C'aig(G) (g) Gaig(G) = C'aig(G x G), the co-unit e: Gaig(G) -> C and 
the antipode S : Gaig (G) — > Gaig (G) which are defined by 

At'^iig^h) := tg(5-/i), (2.4a) 
:= tg(l), (2.4b) 
Si%) := tifiig-'), (2.4c) 

for p eTZ and f G V^, r/ G and g,h e G. For unitary representations, the antipode relates 
a representation with its dual which is just the conjugate representation, 

Stiiiig)=ti{::2ig)=ti^l{g). (2.5) 
The bar denotes complex conjugation. 



2.1.2 Peter Weyl decomposition and theorem 

The structure of the algebra Gaig(G) can be understood if Gaig(G) is considered as a repre- 
sentation of G X G by combined left and right translation of the function argument. 

Theorem 2.1 (Peter— Weyl decomposition). Let G be a compact Lie group (or a finite 
group) . 

1. There is an isomorphism 

CaIg(G)=GxG0(V7®V;), (2.6) 

pen 

of representations of G x G. Here the direct sum is over one unitary representative of 
each equivalence class of finite-dimensional irreducible representations of G. The direct 
summands V* Vp are irreducible as representations of G x G. 
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2. The direct sum in ( |2.6| ) is orthogonal with respect to the L^-scalar product on Caig(G) 
which is formed using the Haar measure on G on the left hand side, and using the 
standard scalar products on the right hand side, namely 

(^^^;Ol^= [^)-tiU9)d9 = ^5,.-^{v;w), (2.7) 



G 



P 



where p,a (z TZ are irreducible. The Haar measure is denoted by and normalized 
such that dg = 1. 



Each representation function / G Caig(G) can thus be decomposed according to ( |2.6D such 
that its L^-norm is given by 

pen P 

where fp^V*®Vp = Hom(V"p, Vp), p & TZ, and all except finitely many fp are zero. 

Theorem 2.2 (Peter— Weyl theorem). Let G be a compact Lie group. Then Caig(G) 
forms a dense subset of L^(G). 

The characters x^^^ : G ^ C associated with the finite-dimensional unitary representations 
p & TZ of G are given by the traces, 



dim Vn 



X 



(p) ._ \^ fip) 



Each class function / G G^igig) can be character-decomposed 



fig) = E ^^'^(9) fp, where fp = dimVp I x^P\g)f{g) dg, (2.10) 
such that the completion of Caig(G) to L'^{G) is compatible with this decomposition. 



2.1.3 The Haar measure 

The Haar measure on G can be understood in terms of the Peter- Weyl decomposition ( |2.6D 
as follows. 

Proposition 2.3. Let G be a compact Lie group (or a finite group) and p G 7^ be a finite- 
dimensional unitary representation of G with the orthogonal decomposition 

k 

^P = 0K,, r,•G7^,A;GN, (2.11) 

into irreducible components Tj. Let P^-'-' : Vp — > Vr^ ^ be the G-invariant orthogonal pro- 
jectors associated with the above decomposition. Assume that precisely the first H. components 
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Ti, . . . ,T£, < I < k, are equivalent to the trivial representation. Then the Haar measure of 
a representation function tmli, 1 < m,n < dimV^, is given by 

t 

ti±{9) dg = Yl P^^^^Pi^\ P^^^^ = r?-(Tx;(^)), = ^^^\vn). (2.12) 

G 

Here (v„) and {r]"^) are dual bases of Vp and V*, the w^^'^ are normalized vectors in V^j ^ Vp, 
and 1?^-^^ denotes the linear form dual to w^^\ 



2.2 Ribbon Categories 



Ribbon categories are used in the present paper as a generalization of the category of repre- 
sentations of the gauge group. A ribbon category is a braided monoidal category with some 
additional structure. In this section, we summarize the basic definitions with emphasis on a 
convenient diagrammatic notation. We refer the reader to the literature for more details, for 
example, to the textbooks |21,22|. Our presentation is similar to that of we essentially 
follow ||22|], but use the diagrams of pit]. Also relevant in the context of the present paper are 



the results of Reshetikhin and Turaev 1 23|, 26 1 . 



2.2.1 Basic definitions 

Definition 2.4. A strict monoidal category is a category C together with a covariant functor 
0: C X C ^ C and a unit object 1 such that 

U ^ {V ^W) = {U ®V) (^W, (2.13a) 
V'S)1 = V = 1<S)V, (2.13b) 



for all objects U,V,W. 



Definition 2.5. A strict braided monoidal category is a strict monoidal category with nat- 
ural isomorphisms (the braiding), 

i^v,w-V(E)W ^W^V, (2.14) 

such that 

ipu»v,w = ii^uw ^ idv) ° (id(7 (S>Tpv,w)i (2.15a) 

i^u,V(S)W = (idy <S)il^u,w) o (V'c/y <^ idvi/), (2.15b) 

ipv,i = idy = ipiy, (2.15c) 

for all objects U, V, W. The category is called symmetric if in addition 



tpwy o '^v,w = idy^iy • 



(2.16) 
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Definition 2.6. A strict monoidal category C is called rigid if for each object V there exists 
an object V* (the left dual) and if there are natural isomorphisms 

evy : F* (8) y ^ 1, (evaluation) (2.17a) 
coevy : 1 ^ F (g) F* , (co-evaluation) (2.17b) 

which satisfy for all objects V, 

idv = (idy (2>evy) o (coevy (8)idy), (2.18a) 
idy* = (evy (8>idy*) o (idy* (8)coevy). (2.18b) 

For a given morphism /: V ^ W, the dual morphism /* : W* V* is defined by 

/* := (ev^y (8) idy * ) o (idw* (Si/^idy*) o [idw* (8)coevy). (2-19) 

Left duality thus defines a contravariant functor * : C ^ C 

Definition 2.7. A strict ribbon category C is a strict rigid braided monoidal category with 
natural isomorphisms (the twist), 

uv-.V^V, (2.20) 

such that for all objects V, W, 

J^®w = (n^ <^ ^w) o V'w.y o V'y.W) (2.21a) 
(zy^)* = ^V., (2.21b) 

ui = idi . (2.21c) 

It is now possible to construct right duals *V from the braiding, the twist and the left 
duals. The right dual objects agree in this case with the left duals, *V = V*, and right 
evaluation and right co-evaluation are given by, 

evy : F (g) F* ^ 1, evy := evy o-(/)y y. o (z^y idy*), (2.22a) 

coevy : 1 — F* (g) F, coevy := {uy* (E) idy) o ^yy* o coevy . (2.22b) 

Finally, right and left duals can be employed in order to define the analogues of trace and 
dimension. 

Definition 2.8. Let C be a strict ribbon category, F an object of C and /: F ^ F. 

1. The quantum trace of / is defined by 

qtr(/) := evy o (/ (g) idy*) o coevy . (2.23) 

2. The quantum dimension of F is defined by 

qdimF := qtr(idy) = evy o coevy . (2.24) 



2.2 Ribbon Categories 
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Note that the quantum trace satisfies qtr((7o/) = qti^fog) for f : V ^ W and g: W ^ V. 
Furthermore, for h:V^V and k: W ^ W, qtr{h0k) = qtr(/i) oqtr(A;) and qdim(y(g)H^) = 
qdimy o qdimVF, where the compositions are in Hom(l, 1). 



All monoidal categories defined above, starting from Definition |2.4| , are strict. If a non- 
strict category is given, there exists an equivalent strict version |^3| which can be used instead. 
As a consequence of the coherence conditions on associativity and unit constraints in the 
definition of a (non-strict) monoidal category, it would also be possible to make a choice of 
parentheses in all definitions and to insert the constraints in a consistent way in all equations. 
The same would apply to the calculations and results presented in the following sections of 
this paper. 

Furthermore, all categories of interest in this paper are C-linear (for details see, for ex- 
ample, |21,^]). This means that there is the notion of a (finite) direct sum of objects, that 



furthermore for given objects V, W the sets Hom(y, W) form C-vector spaces and that com- 
position of morphisms is C-bilinear. Additionally, there are notions of monomorphism and 
epimorphism which have the usual properties known from linear algebra. The reader might 
think of the case where all objects are C-vector spaces. Finally, the additional structures such 
as tensor product, braiding, duality and twist are required to be compatible with the C-linear 
structure, in particular Hom(l, 1) = C such that composition corresponds to multiplication. 

As a consequence, Hom(C/ (gi V, W) = B.om.{V, W U*) are isomorphic as C-vector spaces. 
We also need the dual space of Hom(y, W). One can make use of a non-degenerate C-bilinear 
pairing 

}iom{V*,W*) (g)c Hom(y, W) ^ C,f 'S)g ^ evw o{g <S) f) o cowy, (2.25) 

in order to define the dual space Hom(y, W)* up to isomorphism. Here we use Hom(y*, W*) 
rather than Hom(M^, V) because some diagrams in the following sections are then related by 
a mirror symmetry. 

All conditions that are required for the construction of the Spin Foam Model are summa- 
rized in the following definition. 

Definition 2.9. An admissible ribbon category is a C-linear strict ribbon category which 
satisfies the following conditions, 

1. For all objects V, W of C the space Hom(y, PF) is finite-dimensional as a C-vector 
space. 



2. The pairing ( |2.25| ) is non-degenerate for all objects V, W of C. 
A set of colours Cq is a countable set of objects of C such that 

1. No two elements of Cq are isomorphic, 

2. For each object V £ Cq, the set Cq also contains an object which is isomorphic to V*. 

There are two cases in which one wants to require stronger conditions. Firstly, in order 
to have a correspondence of the Spin Foam Model with LGT, one seeks a categorical version 
of the Peter- Weyl Theorem and of the Haar measure. 

The role of the irreducible representations in the Peter- Weyl theory is now played by the 
simple objects: 

Definition 2.10. Let C be a C-linear strict ribbon category. 
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1. An object F of C is called simple if each non-zero monomorphism f:U ^ F is an 
isomorphism and each non-zero epimorphism / : F ^ is an isomorphism. 

2. C is called semi-simple if each object y of C is isomorphic to a (finite) direct sum of 
simple objects. 

3. C is called Enitely [countably] semi-simple if C is semi-simple and if there are only 
finitely [countably] many simple objects up to isomorphism. 



Corollary 2.11. Let C be a countably semi-simple and admissible ribbon category such that 
the unit object 1 is simple and such that for each simple object J we have Hom( J, J) = C 
Let Co denote a set containing one representative per equivalence class of simple objects of C 
and V, W be objects of C. Then the natural map given by composition of morphisms, 

Hom(y, J) ®<c Hom( J, W) Hom(y, W), (2.26) 

is an isomorphism of C-vector spaces. 

The direct sum in ( |2.26| ) plays the role of the Peter-Weyl decomposition ( |2.6| ) in the 
categorical framework. 



Remark 2.12. Under the conditions of Corollary 2.11, there exists furthermore for each 



natural transformation fy- V ^ V another natural transformation {Tf)y: V which is 



defined by the projection onto the direct summand labelled by J = 1 in ( 2.26 ) 



T: Hom(y, V) Hom(y, 1) ® Hom(l, V) C Hom(y, V). (2.27) 

These {Tf)y satisfy, for example, {Tf)j = for all simple objects J which are not isomorphic 
to the unit object 1. 

The projection T can be viewed as the translation of the Haar measure / : Caig(G) — > C 
into the categorical language; compare ( |2.27 ) with ( 2.12| ). 



A detailed explanation of how Corollary 2.11 and Remark 2.12 are related with Peter 



Weyl decomposition and Haar measure in the Lie group case can be found in ||3|. In the 
picture of |^], the algebra of representation functions Caig(G) of the Lie group G co-acts on 
the vector spaces dual to the representations Vp of G. 

A second situation in which one sometimes requires semi-simplicity is the case when the 



Spin Foam Model defines a topological invariant, see, for example [10|. Recall, however, that 
the categories of finite-dimensional representations of the quantum groups t/g(0), q a root of 



unity, which form important examples, are not semi-simple |21|. I thank R. Oeckl for pointing 
out that the weaker notions of quasi-dominance and dominance (Chapter XI of (2^) can be 
used to establish a uniform treatment of all interesting cases. 

The problem of the definition of the Spin Foam Model with ribbon categories which is the 
subject of the present paper is, however, not affected by these subtleties since it relies only 
on Definition |2.9|. 



2.2 Ribbon Categories 
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Figure 1: Some basic ribbon diagrams: The identity morphisms idy and idy*, 
evaluation evy and co-evaluation coevy, the braiding ijjv^w^ the twist vy and 



their inverses, cf. Definitions 2.4 to 




Figure 2: The conditions ( |2.18a| ) and (2.18b) on evaluation and co-evaluation are 
depicted in diagrams (a) and (b). A morphism f : V ^ W \s represented by a 
coupon as in (c). Diagram (d) shows the definition of the dual morphism /* as 
given by (|2.19| ). 



2.2.2 Ribbon diagrams 



There exists a very convenient notation for morphisms of a ribbon category C in terms of rib- 
bon diagrams (Figure [l|). The diagrams consist of ribbons which have a white side (normally 
facing up) and a black side (facing down). They are directed which is denoted by arrows, and 
they are labelled with objects of C. 

The identity morphism idy is represented by a ribbon labelled V with the arrow pointing 
down. The identity morphism idy* of the dual object has the same label V , but an arrow 
pointing up. The diagrams are generally read from top to bottom. Putting diagrams below 
each other denotes composition of morphisms while putting them next to each other denotes 
the tensor product of morphisms. Figure || also shows the natural isomorphisms evy, coevy 
of ( |2.17 ), the braiding il)v,w of (2.14), the twist vy of ( |2.20 ) and their inverses, respectively. 
The unit object 1 is invisible in the diagrams which is justified by ( 2.13b ), ( 2.15cD and ( 2.21c ). 

Figure m shows the conditions ( 2.18a|) and ( 2.18b ) on evaluation and co-evaluation in (a) 
and (b) . Morphisms f : V ^ W are represented by a coupon labelled / with an incoming and 
an outgoing ribbon as in (c). Figure § also shows the definition of the dual morphism ( 2.19 ) 
in diagram (d). 
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V(E)W 




V 




Figure 3: The conditions ( |2.21a ) and ( 2.21b ) on the twist in diagrammatic notation 



V 




coevy 



qtr(/) qdim V 



Figure 4: Definition of right duality, evy and coevy of ( p.22 ), the quantum 
trace (|2.23D and the quantum dimension (p.24|). 



The conditions ( 2.21a| ) and ( 2.21b| ) on the twist in a ribbon category are depicted 
in Figure ^. Figure | shows the definition of right duals via evy and coevy of (2.22), the 
quantum trace ( p. 23 ) and the quantum dimension ( p.24 ). 

The main purpose of the ribbon diagrams presented in this section is that they have an 
immediate translation into algebraic language in terms of morphisms of the ribbon category 
C and at the same time provide an intuitive way of dealing with the algebraic manipulations. 
One can imagine that the ribbons shown in the diagrams are embedded in R^. The obvious 
isotopies then correspond to relations in C. This is a direct consequence of the functor 
constructed by Reshetikhin and Turaev in where more details can be found. In the 
following, we present many calculations in the diagrammatic language. If required, they can 
be translated at any stage into the corresponding algebraic expressions. 

In the remaining parts of the paper, we employ a simplified notation in which the ribbons 
are represented by single directed lines, and it is understood that their white side always faces 
up. This is known as blackboard framing. It is particularly convenient here because it turns 
out that the relevant diagrams in the following sections can be drawn without twists. 



2.3 Comhinatorial and Siniplicial Complexes 
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2.2.3 Quantum groups and ribbon categories 



The ribbon categories arising in ^3|] are constructed as the categories of finite-dimensional 
representations of suitable ribbon Hopf algebras, see also |21,^, 26|. 



An alternative picture is developed in ||3[. It is dual to the former in the sense that it uses 
the dual Hopf algebra co-acting on the dual spaces of the representations. It is thus based 
on coribbon Hopf algebras and their ribbon category of corepresentations. This point of view 
is much closer to the duality transformation for LGT with Lie groups (see Section ^ or []T7| ) 
since the algebra of representation functions Caig(G') of the gauge group naturally co-acts on 
the dual spaces of the representations of G and can be replaced by a suitable coribbon Hopf 
algebra Q. 



2.3 Combinatorial and Simplicial Complexes 
2.3.1 Triangulations 

For the construction of the Spin Foam Model using ribbon categories, we need combinatorial 
complexes and simplicial complexes. Combinatorial complexes contain the information of 
which simplices are contained in the boundary of a given simplex while simplicial complexes 
also provide a linear order of the vertices and keep track of all relative orientations. This 
terminology follows 0. In order to construct a Spin Foam Model for ribbon categories, we 
aim for a definition of the partition function which takes the relative orientations into account, 
but which does not depend on the linear order of vertices. 

For the purpose of the present paper, it is furthermore sufficient to deal with abstract 
complexes. The details of how their simplices are mapped to the given manifold are not 
discussed here except for a few restrictions that apply if the complex corresponds to a closed 
and oriented manifold. 

Definition 2.13. For a given set A of vertices, a combinatorial complex A^*) is a non-empty 
set of subsets of A, 

^ AW c VA, (2.28) 

such that for each v £ A, {v} G A^*^ and for each set X G A^*\ all its non-empty subsets are 
also contained in A^*), i.e. 

XeA(*) and 0/ycX =^ Y £ A^*\ (2.29) 

The sets X G A(*) are called simplices. The subsets 7^ y C X are the faces of X. The 
elements of the set 

A^*^) := {X G A(*): \X\ = k + l}, ke¥l (2.30) 

are called A:-simplices. Here | • | denotes the cardinality of a set. A combinatorial k-complex 
is a combinatorial complex for which A^-'^ = for all j > k. For each A;-simplex X G A^'^), its 
boundary is defined as the collection of {k — l)-simplices, 

dX:={YQX: \Y\=k}. (2.31) 
A combinatorial complex is called finite if A^*) is a finite set. 
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2 PRELIMINARIES 



Definition 2.14. A simplicial complex {A^*^ , <) is a combinatorial complex A*-*) with a linear 
order (<) of the vertices A. The /c-simplices X € A^'^) can then be represented by (/c+l)-tuples 
{vo,vi, . . . ,Vk) of vertices Vj € A in standard order vq < vi < ■ ■ ■ < Vk- In the free Z-module 
generated by A^*), the boundary of a /c-simplex is given as a sum over the {k — l)-simplices 
in dX, 

k 

d{vo,vi,... ,Vk) := ^(-1)^ {vo,vi,... ,Vj,... ,Vk), (2.32) 

j=0 

where the hat ('") indicates that a symbol is omitted. An abbreviated notation is 

{01---k) ■.= {vo,vi,... ,Vk). (2.33) 

In the following we also use the notation (^0,^1, . . . ,Vk) with arbitrary vertex order. In 
the simplicial complex this denotes an oriented A;-simplex sgnr • (Vt-(o), • • • i^'r(fc)) where the 
sign depends on the sign of the permutation r € 5,^+1 which is required to sort the vertices 

such that U^(o) < • • • < ^^r(A:)- 

The triangulations of a compact piecewise-linear /c-manifold M can be chosen to have only 
finitely many simplices. In this case their combinatorics are described by a finite combinatorial 
fc-complex for which there always exists a linear order of vertices. 

For a simplicial fc-complex which corresponds to the triangulation of a closed and oriented 
fc-manifold M, the relative orientation of each simplex a with respect to M is given, i.e. 
whether +cr or —a is isomorphic to a simplex in M. Observe further that in this case each 
(k — l)-simplex is contained in the boundary of exactly two /c-simplices: once with positive 
and once with negative relative orientation. 

2.3.2 The dual 2-complex 

In the present paper the Spin Foam Model is defined on a combinatorial complex A^*) . This 
point of view agrees with but is dual to the definition given in p^ . 

In order to compare the Spin Foam Model on A^*) with LGT, this LGT has to be for- 
mulated on the 2-complex dual to A^*). In this section, we define a generalized notion of 
2-complexes which includes polygons rather than just triangles and which makes the cyclic 
ordering of edges around the polygons explicit. This ordering is necessary to arrange the 
factors of the group products which are used in the definition of LGT. 

Definition 2.15. A finite generalized 2-coniplex with cyclic structure {V,E,F) consists of 



finite sets V (vertices), E [edges) and F [polygons) together with maps 

d+: E ^ V, (end point of an edge) (2.34a) 

d- : E ^ V, (starting point of an edge) (2.34b) 

N : F ^ ¥1, (number of edges in the boundary of a polygon) (2.34c) 

dj : F —f E, (the j-th edge in the boundary) (2.34d) 

Ej-. F {— 1,-|-1}, (its orientation) (2.34e) 

such that 

d^e.fdjf = 1 < i < N[f) - 1, (2.35a) 

9-eN(f)f9N{f)f = de^fdif, (2.35b) 



for all f eF. 
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d2f 



dif 



d-e 



Figure 5: The maps dj and ej and the conditions ( 2.35 ). Here N{f) = 3, eif = +1, 
£2/ = +1 and £3/ = (-1). 



The conditions ( p. 35 ) state that the edges in the boundary of a polygon / € -F are in 



cychc ordering from dif to 57v(/)/ where one encounters the edges with a relative orientation 
given by —£jf, see Figure ^ Observe that ( 2.35| ) can be used to generalize the condition 



9 o 9 = to the situation where the edges are labelled with non-commutative variables. 

Given a finite simplicial fc-complex A^*^ one can construct the dual 2-complex {V,E,F) 
in the standard way: The dual vertices are just the /c-simplices, V := A^^). The dual edges 
are the {k — l)-simplices, E := A^^~^\ and the dual polygons are given by the {k — 2)- 
simplices, F := A^'^"^). Observe that the {k — 2)-simplices A^'^"^) are in general contained 
in the boundaries of more than three {k — l)-simplices which implies that the polygons F 



have in general more than three edges. The maps dj, ej, etc. of ( 2.34 ) can be constructed 
inductively from the boundary relation of the simplicial complex. 

In the calculations of the next section, the following abbreviations are convenient: For a 
given edge e £ E, the sets 

e+ := {f£F: e = djf, £,/ = (+1) for some j, I < j < N{f)}, (2.36a) 
e_ := {feF: e = djf, £,/ = (-1) for some j, 1 < j < A^(/)}, (2.36b) 

contain all polygons that have the edge e in their boundary with positive (+) or negative (— ) 
orientation. For a given polygon f G F, the set 

fo:={veV: v = 6^5.jf for some j, l<j<N{f)}, (2.37) 

denotes all vertices that are contained in the boundary of the polygon /. Finally, the sets 

/+ := {eG^: e = 5,/, £,/ = (+1) for some j, 1 < j < A^(/)}, (2.38a) 
/_ := {e(^E: e = djf, £,/ = (-1) for some j, 1 < j < N{f)}, (2.38b) 

denote all edges in the boundary of the polygon / with positive (+) or negative (— ) orientation. 



3 The duality transformation 

In this section, we recall the duality transformation relating LGT for Lie groups on the dual 
generalized 2-complex {V, E, F) with a spin foam model. This transformation was carried out 
in [|l^ on a hypercubic lattice and is formulated here for generic 2-complexes. 

The calculation is presented entirely in terms of the 2-complex (V, E, F) and does not 
refer to the simplicial complex A^*). Its relation with A^*) will be discussed in the following 
section. The calculation is furthermore valid in arbitrary dimension d > 2. 
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3 THE DUALITY TRANSFORMATION 



Definition 3.1. Let G be a compact Lie group (or a finite group). The partition function of 
LGT on the finite generahzed 2-complex (V, E, F) with cyclic structure is defined by 

dge) U^(9f), 9f:=9lYf-9TZff (3.1) 

Here Jq denotes the normalized Haar measure onG, w: G ^ K, is the Boltzmann weight ( |l.lD , 
and 9/ is the cyclicly ordered product of the group elements attached to the edges in the 
boundary of the polygon f G F. 




Remark 3.2. 1. Observe that even though this definition explicitly refers to the cyclic 
structure, the value of Z is actually independent of it. The starting point for the cyclic 
numbering of edges in the boundary of a polygon does not matter because the Boltzmann 
weight is given by a class function and thus invariant under cyclic permutation of the 
factors of gf. Reversal of the orientation is also a symmetry because it replaces 5/ by 
gj^ which yields the complex conjugate of the class function, but this function is real. 

2. Let h: V ^ G,v associate a group element to each vertex. The weight w{gf) 

in (|3.1|) is invariant under the local gauge transformations, 



9e^hg^^-g^-hg}^. (3.2) 
In order to prove this invariance, one has to make use of the conditions ( p.35| ). 



The first step of the duality transformation is to insert the character expansion ( |l.2D of 
the Boltzmann weight into (3.1), 



dim Vpj: 



e&E;^ feFpf&TZ nj=l 

The trace of the character is responsible for summations over one index Uf per polygon f ^ F. 
The application of coproduct and antipode (eq. ( p.4a| ) and ( p. 4c )) to the product gf (eq. (^J|)) 



yields further vector index summations. In total there is one summation per polygon and per 
vertex of that polygon. These summation variables are denoted by n(/, v) where f € F and 
V € /o, 



dim Voj: dim Vpj, 



eGB^ f&Fpf&n n(/,9_9i/)=l n(/,9_9jv(^)/)=l 

f'-Pf^ (n^^f) . . .f'^Pf^ r/"^"'-^! f3 4^ 

K(f,a+d,f)Mf,9^9if)y9d,f) ^n(/,9+9jv(/)/),™(/,9-9jv(/)/)'^5'9jv(^)/^ l-^'^^ 



Recall that the conditions ( p.35D of the 2-complex apply here. The above expression can now 
be reorganized, moving all summations to the left. 



dim Vpj: 



z = (n/*e)(nE)(n%)(nn e" 

n ( n *n{f]d+e)Mf,d-e)(9e)) ( *n(/,a_e),n(/,9+e) (S'e)) • (3-5) 
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Here the notation 



(3.6) 



denotes one summation per polygon f ^ F. Sorting the product of representation functions 
by edge rather than by polygon amounts to just a slight change in the enumeration of polygons 
and edges, 



dim Vr 



HE n-., nn e n * 



feFpfen f&F 



n(n* 



(p/) 



feFvefon{f,v)=l c&Eq 

,(p*f) 



''n(/,9+e),n(/,9_e)(S'e)) (JI *n(/,9_ e),n(/,9+e) (f e 
eGE /Ge+ /ge_ 



(3.7) 



The integrals can now be evaluated using the formula (2.12) 



dge 



G 



/6e 4 



/6e 



y p(e)n{f,d+e),...n{f,d.e),...p{e) ..^ , , (3.8) 

4^ n{f,d-e),...n{f,d+e),...' ^ ^ 

P(<=)eVe ^ V V ' 



where Ve denotes a basis of orthogonal G-invariant projectors onto the trivial components in 
the complete decomposition of 

((2)/'/)^((2)P/)- (3-9) 

/ee+ /ee- 

The curly brackets in ( |3.S|) indicate that there is one index n(/, 9+e) for each / G e+ etc.. 
Finally, the sums over projectors are moved to the left of the expression. 



dim Vr 



f 



nE)(n E )(n%)(nn e 

feFpfen eeEpM^zp^ feF feF v£fon(f,v)=i 



Up 



{e)n(/,a+e), . . .n(/,5-e), . . . p{e) 



n{f,d-e), . ..n{f,d+e), 



(3.10) 



This formula can now be reorganized and yields the final result: 



Theorem 3.3. The partition function (3.1) of LGT on the finite generalized 2-complex 
{V, E, F) with cyclic structure is equal to the expression 



Z 



nE)(n E )(n-w)(nc^w 



feFpfGTZ eeEp(e)^p^ feF 



(3.11) 



18 



3 THE DUALITY TRANSFORMATION 




Figure 6: The neighbourhood of a vertex v (z V on the dual 2-complex in the 
three-dimensional case. The dotted lines denote the four edges attached to the 
vertex. Diagram (a) shows the weight C{v) per vertex v (zV occurring in the Spin 
Foam Model where the full dots denote projectors P^^\ and the solid lines the 
representations Vp. Diagram (b) visualizes the weight C{v) in the spin network 
expectation value. Here Q^^^ is the morphism attached to v, and the dashed lines 
denote the representations Tg. 



Here Ve denotes a basis of orthogonal G-invariant projectors onto the trivial components in 
the complete decomposition of (|3.9|) . The weights per polygon Wpj, are the coefficients of the 
character expansion ( |1.2D of the original Boltzmann weight. The weights per vertex C{v) are 
given by a trace involving representations and projectors in the neighbourhood of the vertex 

veV, 

^(^)=(n E )( n n (3.12) 

feF: nf=l eeE: eS-B: ^ v v ' 

vefo v=d+e v=d^e /ee^ /ee_ 

Here the range f G F: v € fo oi the first product refers to all polygons f £ F that contain 
the vertex v in their boundary. 

Remark 3.4. 1. The projectors onto the trivial representations, 

P(^):((g)p/)0((g)p))-C, (3.13) 

/ee+ /ee- 

can be replaced via the isomorphisms Hom(y C) = Hom(F, W) by representation 

morphisms 

(8)P/- (2)P/- (3-14) 

/ee+ /ee- 
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The partition function then contains a sum over a basis of the space of representation 
morphisms for each edge e (z E, 



UomiQ^ Pf,Q^ pj). (3.15) 

/ee+ fee. 

2. The expression C{v) is a trace in the category of finite dimensional representations 
RepG, cf. Figure |6|(a) . Observe that all vector indices nj are contracted. The complex- 
ity of the C{v) depends on the number of edges which contain v (^V in their boundary. 
In order to generalize this Spin Foam Model to ribbon categories, C{v) has to be re- 
placed by a quantum trace. The main motivation for formulating LGT on the 2-complex 
dual to a triangulation is that it is now guaranteed that in dimension 4 there are always 
precisely 5 edges which contain v. Without this restriction, the generalization of C{v) 
to the ribbon case would be much harder. 

3. Observe that for G = SU{2) in 3 dimensions, the C{v) are essentially the 6j-symbols 
of SU{2). 

The generic observables of LGT that have non-vanishing expectation values under the 
path integral are spin networks, the generalization of Wilson loops to the non-Abelian case. 

Definition 3.5. Let G be a compact Lie group (or a finite group), {V,E,F) be a finite 
generalized 2-complex with cyclic structure and Z denote the partition function of LGT of 



Definition 3.1. Let t: E ^ IZ assign a unitary finite-dimensional irreducible representation 



Te to each edge e & E and for each vertex v ^ V, let 

Q^"^: 6d Te^ (Sd Te (3.16) 



eeE: e€E: 
v=d+e v=d-e 

denote a representation morphism. The spin network labelled by Tg and Q^""^ associates to 
each configuration E ^ G,e ge the value 

dim Vti, 

inr.e):=|(n E )(n (riQ'tL.. 4... )■ (3.iv) 

eeEke,ie=l eeE veV "-v^ 

eeE: eG-B: 
v=d+e v=d—e 

For more details on this definition and for the proof of the following result, we refer the 
reader to 



Theorem 3.6. Let G be a compact Lie group (or a finite group) and (V, E, F) be a finite 
generalized 2-complex with cyclic structure. Let Te and Q*-^'^ define a spin network as in 



Definition 3.5. The expectation value of the spin network, 

{W{t, Q)) = ( n / dge) [w{t, Q) n w{gf)\ , (3.18) 
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4 THE SPIN FOAM MODEL FOR RIBBON CATEGORIES 



is equal to 



mr.Q)} = |(n E)(n E )(nffi.. 

dim Vre dim Vt^ 

n[(n E)(n E)c^w-<?'t..4...]' 

v=d+e D=(9_e eei?: eGB: 

i)=c'+e e 

Here Ve is a basis of orthogonal G-invariant projectors onto the trivial components in the 
complete decomposition of 



P/) ® ( 09 P/) ^ Te. (3.20) 

fee+ /ee_ 



The weights per polygon Wpj, are the coefficients of the character expansion ( |1.2| ) of the original 
Boltzmann weight. The weights per vertex C{v) are given by the trace 



dimVp^, f<^^+ 



^(-)=(n E )( n n <^n,...n,n,...0- 



feF: nf=l e&E: eS-B: 

v£fo v=d+e v=d-e /ee+ fee_ 



(3.21) 



Remark 3.7. 1. The above theorem is an example for an explicit calculation how the spin 
foams that are the configurations in the partition function couple to the spin network 
W{t,Q). Figure ^(b) visualizes the trace which gives the weights per vertex C{v). 

2. If the set of edges for which the representations Tg are non-trivial, forms a closed loop, 
then W{t,Q) is non-zero only if the non-trivial Tg are all isomorphic. The morphisms 
Q^^^ are then unique up to normalization. In this case W{t, Q) describes a Wilson loop. 



4 The Spin Foam Model for Ribbon Categories 

In Section ^, the Spin Foam Model dual to LGT was derived for the case in which the gauge 
group G is a Lie group. If LGT is defined on the 2-complex dual to the triangulation, the 
partition function of the Spin Foam Model consists of a sum over all labellings of triangles with 
irreducible representations (simple objects) and of all tetrahedra with invariant projectors 
(representation morphisms), see Table 

This Spin Foam Model shall be generalized to a ribbon category C which replaces the 
category of representations Rep G of the gauge group G. The partition function will contain 
the sum over all colourings of triangles with simple objects explicitly while the sum over all 
colourings of tetrahedra with morphisms will be implemented as a trace over suitable state 
spaces. 

The definition of the Spin Foam Model is formulated in a first step for a given simplicial 
4-complex. The definition thus refers explicitly to the linear order of vertices. In a second 
step we will prove that it does not depend on that order and that it is thus well-defined for 
any combinatorial complex that corresponds to the triangulation of a closed and oriented 
piecewise-linear 4-manifold. 



4. 1 Definition of the partition function 
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triangulation 


dual 2-complex 


colouring 


weights 


4-simplex 


vertex 




C{v) 


tetrahedron 


edge 


morphism 




triangle 


polygon 


simple object 




edge 








vertex 









Table 1: The partition function of the Spin Foam Model dual to LGT ( |3.11| ) 
is a sum over all colourings where the summands contain certain weights. Here 
colourings and weights are given for LGT living on the 2-complex dual to the 
triangulation. 



4.1 Definition of the partition function 

First we define the colourings which will be explicitly summed over in the partition function. 

Definition 4.1. Let A^*) denote a simplicial complex, C be an admissible ribbon category 
(Definition 2.9) and Co a set of colours. 

1. A colouring V : A*^^) — > Cq associates an object V{vq,vi,V2) € Co to each triangle 
(?;o,fi,f2) S A(^) with standard vertex order vq < vi < V2- 

2. For any permutation a £ S3 (acting on {0, 1, 2}) define 

Trf N ( V{vo,Vl,V2), if sgnc7=l, 

nM0)>Mi)'-<x(2))-|y(,„,,^,,^)*, if sgna = -l. ^^-^^ 

For given vertices vq,vi,V2 G A, we use the abbreviated notation 

Vbi2 := ^(t'o,'(^i,'(^2), Vb2i := V'(vo,f2,t'i), (4.2) 

and so on, for example, Vq2i = Vqi2- 

Recall that (V*)* = V is isomorphic in C, but in general not equal. The above definition 
therefore describes an action of the symmetric group S3 only up to isomorphism. 

The state spaces are defined in the next step. A trace over these spaces will yield the 
summation over colourings of the tetrahedra with morphisms. 

Definition 4.2. Let V: A^^^ Co denote a colouring. The state space associated with a 
tetrahedron {vo,vi,V2,V3) with arbitrary vertex order is defined by 

,vi,V2,V3) := Hom(F(i;i,z;2,W3) O y(fo, t'l, t's), ^('"0, 'Wi, '^2) ® V{vo,V2,V3)). (4.3a) 

The dual state space is then given up to isomorphism by the pairing ( 2.25| ), 

,Vi,V2,V3) := Hom(y(wo,'i^l,'y3)* V{vi,V2,V3)* , V{vo,V2,V3)* (g) V{vo,Vi,V2)*). 

(4.3b) 
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4 THE SPIN FOAM MODEL FOR RIBBON CATEGORIES 



,1 I 



Vi23 ; yVbis Vo23 



I 



LA 



Vo 



^0123 



12 Vbl3 I I Vl23 Voi2 



Vb23 



'1^0123 



¥'0123 



"T r 1 r 1 r 1 r 

V012 J jVb23 Vbi3 1 |Vi23 Vb23 1 |Vbl2 V123 I jVoi3 



(a) 



(b) 



"^0123 



l/'0123 



(c) 



Figure 7: (a) The coupons denoting morphisms (/J0123 G -^0123 and their duals 
¥'0123 (iiH) as weU as (b) morphisms of the dual state spaces, ^0123 ^ ^0123 ^^'^ 
their duals ^0123 ( 4-3b| ). Diagram (c) shows the pairing ( [4.5D . All ribbons are 
drawn in blackboard framing. 



The following abbreviated notation is used, 



-^0123 



Hom(Fi23 Vbi3, V012 8) Vb23), 



i/*123 = Hom(Fo*i3® ^123 > ^0*23 



Vr 



012/5 



so that the pairing ( |2.25| ) reads in this case 

-f^0123 ^ Hqi2Z C, (^0123) ^^0123) 



'0123 ■ 



('/'0123' "^0123)0123 • 



(4.4a) 
(4.4b) 



(4.5) 



The ribbon diagrams corresponding to a morphism 990123 ^ -f^oi23 and its dual V'0123 
depicted in Figure 0(a). The morphism of the dual state space ^0123 ^ -^0123 ^^^^ its dual 
W0123 ^"^^ represented diagrammatically as in Figure 0(b). Dual morphisms are denoted by 
a star (*) whereas we indicate by a bar (~) that a morphism belongs to a dual state space. 
Figure 0(c) shows the pairing (4^) for morphisms ^0123 € -f^oi23 and ^^0123 € -ffoi23- In 
Figure |^ and in the following we use blackboard framing (see Section p. 2. 2 ). 



Remark 4.3. 1. Definition 4.2 applies to any order of vertices. In particular, the defini- 
tion of ^^0123 involves ^(^0,^1,^2) etc. as given by ( |4.1[ ). 

2. The definition ( 4.3b| ) implements a special choice of isomorphism between -ffoi23 and 
-^0123 pairing (|4.5| ). This choice is used consistently in the following. 



The state spaces of Definition [4.2| for different vertex order are related by linear isomor- 
phisms which are defined in the next step. 

Definition 4.4. Let -^0123 and -f^oi23 denote the state space and its dual for a tetrahedron 
(uo , wi , ^2 , "^3 ) • The linear maps 

(4.6a) 
(4.6b) 
(4.6c) 



To 


-ffoi23 - 


-"1023' 


To 


-1 . 


-"0123 " 


-f^l023 


n 


-^0123 - 


-"0213' 




-1 . 


-"0123 " 


^ -f^0213 


T2 


-f^0123 - 


-"0132' 


rl 


-1 . 


rj* 

-"0123 " 


-f^0132 



are defined by the diagrams in Figure ^ to Figure Ih 



4. 1 Definition of the partition function 
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Vo23 I 



Vbl3 Vo23 
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V'oi23 



Vbl2 f I Vl23 ^012 f 



V^,i3i 
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Vb23 Vbl3 I 



'P1023 



1^012 Vi; 



1^30123 



V023 



XJ 



Figure 8: The definition of the morphisms (/9io23 := ''"o ^(^'0123) ^ ^^1023 and 
^1023 := To{'Poi23) e i7io23 for given ^0123 ^ -^^0123 and (^0123 e -f^oi23, see ( [4.6a| ). 
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f Vb23 V123 , 



i V023 
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Voi2\ 



V013 Vbi2 f I Vbi3 Vbi3 1 I ^012 Vbi3 1 



Figure 9: The definition of the morphisms (/9o2i3 := ^(y'0123) ^ ^^0213 and 
^0213 := nifous) e -f^02i3 fo'^ given ^0123 ^ -^^0123 and (^0123 e -f^oi23, see ( |4.6b| ). 



Note that Tj exchanges the j-th and the {j + l)-th vertex of the four arguments of 
H{vq, fi, f2, ^3), counting from zero. This need not be the vertices with number j and j + 1, 
for example, 

tq: H1234 n: -?/o2i4 -f^oi24- (4-7) 



Lemma 4.5. Let r,-, < j < 2, denote the hnear maps of Definition 4.4. 



1. The Tj satisfy r* ^ o tj = id and tj o Tj ^ = id. In particular, the tj and r* ^ form 
linear isomorphisms. 

2. The satisfy (t*~^(?/;oi23), Tj(^oi23))^p23 " (^oi23> ^'0123)0123 all ^0123 ^ i?oi23 and 
"00123 G Hqi23 which motivates the notation t*~^. 

Proof. 1. The relations t*^^ otj = id can be verified diagrammatically using the identities 
that hold in ribbon categories. Figure ^ shows the calculation for rj^~^ o n = idi^g^23- 
The other cases are analogous. 

2. This claim can also be verified diagrammatically. It is essentially a consequence of the 
fact that the maps tj on the dual state spaces in Figure ^ to Figure are given by the 
mirror images of the maps on the original state spaces. 

□ 
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Vl23^ ivbl2 Vl23 , 




Vbi3 



V'oi23 



1^1 



Voi2 , 



|Vl23 Vbl2 



^0132 



iVl23 



<(50123 



tVb23 ^013 I 



f Vo23 Vb23 I fVblS Vo23 



Voi3 



Figure 10: The definition of the morphisms v3oi32 := '^1 ^(¥'0123) ^ -f^0i32 and 
^0132 := T2{'Poi23) ^ -f^oi32 given ^0123 ^ -f^oi23 ^nd (^0123 e -f^oi23, See ( [4.6cD . 



|vbi3 V123 I 



(ri ^ o ri)((y3oi23) 



V012 



Vb23 Vo 




|vbi3 V123 I 



Vb23 Vbl2 




V123 I |v bi3 



V30123 



V012 J |vo23 



Figure 11: Diagrammatic proof of the identity ^ o n = idj^Qjja in Lemma 4.5 
Here (/9oi23 G -f^oi23- 



Remark 4.6. In analogy with the three-dimensional case, one could conjecture that the tj 
generate an action of the symmetric group ^4 on some cohection of state spaces. This is not 
the case. Only in the final step we will have an action of the symmetric group when it is 
proved that the partition function is well-defined. 

At this point, the colourings Vj^i and the spaces Hj/^i^ are defined for a generic vertex 
order. The summation over all coulourings of tetrahedra with morphisms which is part of the 
partition function, will be implemented as a trace. This trace is over the tensor product of 
maps Zq^234 foi^ all 4-simplices [vq,. . . ,^4) G A^^^ These building blocks ^0^234 defined 
first. 

Definition 4.7. Let V: A^^^ ^ Co be a colouring and the state spaces for the tetrahedra be 
given by Definition |4.2| . 

1. For any 4-simplex (vq, . . . , V4) whose relative orientation in the manifold M is positive, 
define the 4-simpiex map 

-^01234^'' • -^^0234 ® -^0124 ^ -^1234 -^0134 -^0123, (4.8a) 



4. 1 Definition of the partition function 
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Vbi 



Vl24 4 i V234 



Vo34 



VVoi 



V12 



^0123 



Vc)23 I 4 Vo] 



(a) 



V234 



(/30234 



Vb23 



Vb34 



V30124 




^^0124 


j 


Vb24 Vb24 


t 



V'0234 

1 I 

Vb34 f V023 




(b) 



Figure 12: (a) The quantum trace ( 4.8bD defining the 4-simplex map for a 4- 
simplex with positive relative orientation in M. (b) The quantum trace ( [4.9b| ) for 
negative relative orientation. The morphisms are denoted by '^jMm Hj^im and 
Vjkem ^ ^jkem represented by the coupons of Figure 0. 



to be the linear map that is related by the pairing ( |2.25| ) to the quantum trace 

^Ouli^^ • -^1234 ® -f^0234 ® -^^0134 ® -^^0124 ® -f^0123 ~^ (4.8b) 

which is depicted in Figure |l^(a) . 
2. For any 4-simplex with negative relative orientation in M, the 4-simplex map 

-^01234 ^ '■ Hl234 ^ -f^0134 ^ -^0123 ^ -f^0234 ® -^0124, (4.9a) 

is defined by the quantum trace 

Z'ouit^ ■■ ^1234 ^ ^0234 ^ ^0134 ® ^0124 ® ^0123 ^ C, (4.9b) 



which is depicted in Figure 12(b). 



Remark 4.8. 1. The assignment of the Hj^em to domain or codomain and the assign- 
ment of duality stars (*) in the above definitions is according to the orientation of the 
tetrahedra in the boundary of the 4-simplex, 



9(01234) = (1234) - (0234) + (0134) - (0124) + (0123). 



(4.10) 
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2. Observe that Figure 12(b) is the mirror image of (a) with all arrows reversed. This is 
different from the quantum trace of the dual morphism which would also replace the 
over-crossing by an under-crossing. 

In order to obtain a summation over a basis of each state space Hj^^rm the partition 
function is defined as a trace over the tensor product of all 4-simplex maps. 

Definition 4.9. Let A^*) be a finite combinatorial 4-complex corresponding to a triangulation 
of a closed oriented piecewise-linear 4-manifold M. Choose a fixed linear order of the vertices 
of A. Let V: A^^^ — > Co be a colouring and let the 4-simplex maps Z^^j^"* be given by 



Definition 4.7 



The partition function per colouring is defined as 



Z(^) := tr^, 



4)eA(4) 



(V),(£01234)\ 
01234 ) 



(4.11) 



Here £01234 S {+1) ~1} denotes the relative orientation of the 4-simplex {vq, ... ,^4) € A^^^ 
in M. Since every tetrahedron occurs precisely twice in the boundary of a 4-simplex, once 
with positive and once with negative relative orientation, both domain and codomain of the 
tensor product over the -^01234 ^ SiT& permutations of the tensor factors of 



n:= (g) H^^\vQ,vi,V2,v^) 



(4.12) 



The permutation operator P in (4.11) is the unique permutation which sorts the tensor factors 
of the codomain such that their ordering agrees with the ordering of factors in the domain. 



Remark 4.10. The trace over the tensor product Ti in the above definition essentially con- 
tains the quantum traces ( [4.8b ) or ( [4.9b ) for all 4-simplices plus an additional summation 
over bases of all state spaces. In the partition function the traces generalize the weights 
C{v), cf. Table || and ( gl2|) . Fi gure |l2| is the four-dimensional analogue of Figure ^(a) with 
a particular choice of over- and under-crossings. 

Definition 4.11. Let A^*) be a finite combinatorial 4-complex corresponding to a triangu- 
lation of a closed oriented piecewise-linear 4-manifold M. Choose a fixed linear order of the 
vertices of A. For each colouring V : A^^^ — > Cq, let the partition function per colouring, Z^'^\ 
be given by Definition [4.9|. The partition function is defined as 



Z :-- 



^ ( n ^"(^^0,?^l,^'2)(Vbl2! 

V: A(2)^Co («^o,fi,f2)eA(2) 



(4.13) 



The weights w{vo,vi,V2) : Cq ^ H assign a real number to the object associated with the 
triangle {vo,vi,V2) G A^^) and are required to satisfy the reality condition, 



w{vo,Vi,V2)(y*) = w{vo,Vi,V2)(y), 

and to be functions on equivalence classes of isomorphic objects, i.e. 

w{vo,vi,V2)iV) = w{vo,vi,V2)iV) if V = V. 



(4.14) 



(4.15) 



4.2 Properties of the partition function 
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Section 4.2 is devoted to proving that this definition is actually independent of the linear 
order of vertices and of the choice of colours Cq up to isomorphism. The partition function 
is therefore well-defined for a combinatorial complex that corresponds to the triangulation of 
a closed and oriented manifold. In Section |5|, we discuss some relevant special cases in more 
detail that are covered by ( [4.13| ), in particular the relation with the standard formulation 
of LGT for Lie groups and the Crane- Yetter state sum. There, we also comment on the 
convergence of ([4.13|) if Cq is not a finite set. 



4.2 Properties of the partition function 



First we show that the partition function (4.13) does not depend on the choice of colours Cq 
up to isomorphism. 

Theorem 4.12. Let V : A^^^ Cq denote a colouring, and for each triangle (^o, ^1,^2) G 
fo < '^i < '^2, let 



^{vo,Vi,V2): V{vo,Vi,V2) V{vo,Vi,V2) 



(4.16) 



be an isomorphism in C for some object V{vo,vi,V2)- Then the partition functions per 



colouring ( 4.11 ) for V and V agree, 



(4.17) 



Proof. Using the standard abbreviations, the given isomorphisms are of the form $012 : V012 — > 
V012 for all triangles (vo, i"!, ^'2) with standard vertex order vq < vi < V2- For any permutation 
a £ S3 we define isomorphisms ^a(o)a(i)a{2) ■ V;(o)a(i)a(2) ^ ^1(0)^(1)^(2) by 



<7(0)a(l)a(2) 



*I'oi2 : V012 - 

^ 012 • '^012 



012, 



0121 



if sgn C7 = 1 , 
if sgn a = — 1. 



(4.18) 



Observe that this assignment is compatible with Definition 4.1. These definitions provide us 



with isomorphisms <I>oi2 : V012 — ^ V012 and with their dual maps ^^12 '■ ^012 ~^ ^0*12 
triangles {vq,vi,V2) with arbitrary vertex order. 

Furthermore, there are induced linear isomorphisms of the state spaces. 



$0123 : Hom(Vi23 ® V013, Vbi2 ® V023) 

V0123 



Hom(yi23 ® V^oi3, ^012 ® Vq2^), (4.19a) 

($012 ® $023) o V70123 o (^r23 ® ^013). 



and 

$Sl23 : Hom(yoi3 ^ ^^1*23 > ^0*23 ® ^0*12 ) ^ Hom(yoi3 ^ ^1*23 > ^0*23 ® ^012 ) , (4- 19b) 

^0123 ^ (^023 ® ^012) ° ^0123 ° (^*013 ® 

A convenient abbreviated notation for these maps is <&oi23 : -f^oi23 -f^oi23; ^^^0123 • ^0123 ~^ 
Hqi23 writing i?oi23 := Hom(Vi23 <8> V013, V012 ^ V023) etc.. Now the following diagram for the 
traces ^01^34^'* commutes: 
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-^1234 ® -f^0234 -f^0134 ® -^^0124 <X) -f^0123 

^01234 



^ 1234 



0234 



0134 



0124 



*-l 
0123 



^1234 ® -f^0234 -f^0134 ® -^0124 -^0123 



To see this, imagine Figure |l2|(a) drawn for maps (fjkem G HjMm stc. and insert the definitions 
of the Hnear isomorphisms ^jkgm of ( 4.19| ). Then the isomorphisms in C, ^jke- Vjke ~>' ^jki^ 
appear twice in each ribbon in a way such that they cancel. 

Let (■, •) : -^0123 ® Hqi2z — > C denote the pairing (4^) apphed to the state spaces which 
use the colouring V . We find 



^*oi23(</'oi23)'^oi23(?/'oi23)) = (v'om' V'om; , 



(4.20) 



for all (/'0123 G -^0123 ^"^^ ^0123 £ -f^oi23- As a consequence the following diagram involving 
the 4-simplex maps themselves also commutes: 



0234 



{VU+) 

01234 



0124 



H 



1234 



0134 



0123 



0234 



0124 



1234 



0134 



0123 



0234 



Z 



0124 



(V),(+) 
01234 



H 



1234 



0134 



0123 



Analogous diagrams are available for .^01234 ^^^^ Figure 12(b) in the case of opposite orien- 
tation. 

Finally, each tetrahedron occurs precisely twice in the boundaries of 4-simplices, once 
with positive and once with negative relative orientation. Therefore the tensor product of 



all 4-simplex maps in (4.11) is conjugated by a linear isomorphism $ which can be obtained 
from a tensor product of the ^jkim, 



Po( (g) z(nie.) 

(7GA{4) 



Po( (g) zinis.) 



-1 



(4.21) 



Since Z^^^ is the trace of ( 4.21 ), it agrees with Z(^) 



□ 



Corollary 4.13. The partition function ( 4.131 ) does not depend on the choice of colours Cq 
up to isomorphism. 

Proof. Consider another set of colours Cq such that each colouring V: A^^^ Cq induces a 
colouring V : A^^^ Cq for which V012 — ^12 are isomorphic in C for all triangles (fo, ^^i, ^^2) £ 



4.2 Properties of the partition function 
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A^^^. The partition function ( [4.13| ) defined using Co agrees with that one defined using Cq 
because the weights satisfy w{vo,vi,V2){Voi2) = w{vo,vi,V2){Voi2) and because Z^^^ = Z'^^ 



according to Theorem 4.12. □ 



In order to prove the independence of the partition function ( [4.13|) of the hnear order 
of vertices, a generic 4-simplex (01234) is considered. It is proved that any permutation of 



its vertices which results in different 4-simplex maps -ffjfc^m according to Definition 4.2 and 
Definition 4.7, does not change the partition function ( 4.131 ). 



This statement is verified for the four elementary transpositions of (acting on the ver- 
tices {0,1,2,3,4}). The following lemmas prepare the proof. They establish diagrammatical 
isotopies which permute the coupons in Figure |l^(a) in order to reach a configuration similar 



to Figure 12(b). Recall that the orientation of the 4-simplex changes if an odd permutation 



is applied to its vertices. 

Lemma 4.14. For any colouring V : bS^^ Cq and morphisms fjMm £ Hj]^^^ and '^jkUm ^ 
^Ikem^ the quantum trace in Figure |l2|(a) is equal to the quantum trace in Figure 13 



Proof. The calculation is described in diagrammatic language and can be translated into 



equalities for morphisms of the ribbon category C as described in Section 2^. First, a number 
of coupons are moved around in the plane without twisting or braiding any ribbons: Move 
the coupon (/3oi24 to the left and place it above ^1234) then move ^0134 down and to the right 
and place it below and right of (^0234- Move ^0123 to the right and place it below ^0123 
below and left of ^0^34. Rotate the coupon ^0123 by 360 degrees in order to place its ribbons 
as depicted in Figure Finally, lift the ribbon labelled V014 out of the plane, move it across 
the entire diagram, and place it as shown in Figure □ 



Lemma 4.15. For any colouring V : A^^^^ — > Cq and morphisms (pjMm G Hj^em and ^Pj^em ^ 
^jMm^ the quantum trace in Figure |l2|(a) is equal to the quantum trace in Figure 14. 



Proof. The proof is again explained diagrammatically: Start with Figure |T^(a). Lift the 
ribbon V012 out of the plane and move it across the coupon (/?i234 so that V012 now over- 
crosses V123, ^^34 and V124 rather than V234. Then the coupons can be moved around in 



the plane without introducing twists or braidings such that the configuration in Figure 14 is 



obtained. □ 

There exist two more lemmas that deal with the elementary transpositions (23) and (34) 
as well as four lemmas dealing with the case of opposite relative orientation. They are not 
stated explicitly here since they are very similar and completely analogous to prove. 

The results of the preceding lemmas, Figure 13 and Figure 0, are furthermore related to 



the quantum trace of Figure 12(b) for a 4-simplex with a different order of vertices. This is 



stated in the following lemmas. 

Lemma 4.16. Let r = (01) and consider the 4-simplex (01234). Let V : A^^) — s- Cq denote a 
colouring. Then there exists another colouring V with isomorphic objects for each triangle, 
Vqi2 = Vqi2, such that the following diagram commutes: 
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Ho2S4 (8) -^0124 " -f^l234 HoiSi -^0123 



id 



TO 



id 



TO 



To 



-^0234 ^ -^^1024 ^ -^1234 ® -^^1034 ^ -^1023 



Here Z, 



iv),i+) 



01234 



is the 4-simplex map of Definition 4.7, tfie maps tq are given in Definition 4.4 



and the bottom horizontal map is determined, using the pairing ([4. 51), by the 4-simplex map 



Z 



iv)(-) 

10234 



0234 



H 



1034 



H 



1023 



H 



1234 



H 



1024- 



(4.22) 



Proof. Consider Figure 13 whose quantum trace agrees with ■^01^34"''^ of Figure |T^(a) accord- 



ing to Lemma 4.14, The linear isomorphisms tq of Definition 4.4 can now be used to replace 
the dashed boxes of Figure ^ by morphisms of the state spaces Hj^i^ with a different ver- 
tex order. The result is very similar to the trace -^10^34 ^ of Figure 12(b) for the 4-simplex 
(10234). 



Observe, however, that in Figure 12(b) the arrows of the ribbons corresponding to the 



triangles (012), (013) and (014) are reversed compared with Figure 13. We can reverse these 
arrows in Figure |l^ if we label them instead by Vqi2-: ^0*13 ^"^^ ^0*14 ' I'espectively. 

Consider the triangle (012). If {vq^vi,V2) is an even permutation of the standard vertex 
order, then Figure 13 contains V012 = V for some object V € Cq, i.e. upon reversal of the 
arrows this label changes to Vq^2 — ^102- This is the same label as the label arising in ^iq^34 ^ ■ 

If, however, {vq, vi,V2) is an odd permutation of the standard vertex order, then Figure [l3| 
contains Vbi2 = V* for some object V G Co, i.e. upon arrow reversal this becomes Vqi2 = iV*)* ■ 



This is in general not identical, but still isomorphic to V which arises in ^(0^34 ^ in this case. 
This is the reason why the present lemma holds only for a colouring V with isomorphic objects 
at all triangles. 

Let {wo,wi,W2) denote any triangle in standard vertex order, < wi < W2- Define the 
colouring V by 



a(0)<7{l)a(2) 



012) 



012' 



if 
if 



sgncr 
sgno" = 



1, 



-1, 



(4.23) 



if {wo,wi,W2} G {{wo,?^i,?^2},{^^o,'(^i,^^3},{^^o,i'i,i'4}} and by V'^(o)a(iM2) 
the other triangles. Then the quantum trace of Figure O with arrows (012), (013) and (014) 



^(T(o)cr(i)(T(2) for 



reversed, agrees with the trace of Figure 12(b) for the colouring V. The following diagram 
therefore commutes: 



-"1234 



'0234 



0234 




1234 



-"0134 



H 



1034 



'(V),(+) 




'(V),(-) 
10234 



4.2 Properties of the partition function 
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Using Lemma 4.5, this implies the commutativity of the diagram claimed in the present 
lemma. □ 



Lemma 4.17. Let r = (12) and V: A^^-* — > Co be a colouring. Then there exists another 
colouring V with isomorphic objects for each triangle such that the following diagram com- 
mutes: 



Ho234: ^ -f^0124 " -f^l234 'S' -^0134 ® -^0123 



id 



-^0234 -f^0214 



id 



n 



^2*134 ^ Hoiu O 



0213 



Here the Tj are the isomorphisms given in Definition 4.4, and the bottom horizontal map is 



determined, using the pairing ([4.5|), by the 4-simplex map 



-^02134 • -f^2134 'S> -f^0234 ® ^^0213 ^ -f^0134 ^S) -f^0214- 



(4.24) 



Proof. Consider Figure 14 whose quantum trace agrees with -^01^34'''^ of Figure |l^(a) accord- 



ing to Lemma 4.15| . The linear isomorphisms tq and ri of Definition 4.4 can now be used to 
replace the dashed boxes of Figure 14 by morphisms of the state spaces Hj^im with a different 

vertex order. The result is the trace ^02134 ^ of Figure [l^(b) for the 4-simplex (02134) up to 
the choice of isomorphic objects for the triangles (012), (123) and (124). These isomorphisms 
arise from double dualization as in Lemma 4.16| . 
The following diagram therefore commutes: 



-^1234 ^ H0234 
id 



0134 



^*-l 




-^0124 O H, 



0123 



2134 




^*-l 



-^0134 ® -f^0234 ^ -f^0214 ® -^^0213 



'(V),(+) 



C 



'(v),(-) 

02134 




Employing Lemma 4.5, this proves the claim. 



□ 



There exist similar lemmas for the other elementary transpositions (23) and (34) as well 
as for the corresponding statements with opposite relative orientations, i.e. where Z^'^^'^'^^ 
and are exchanged. Their proofs are entirely analogous. 



Theorem 4.18. The partition function ( 4.13 ) does not depend on the choice of the linear 
order of vertices. 
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Proof. Equip the set of vertices with a different hnear order which is induced from the given 
one by a permutation r of the vertices. The partition function using this new order can be 



expressed in terms of the definitions of Section 4.1 which use the original order, if r is apphed 
both to the vertices and to the colouring, 



Zr 



X] ( n W^(^'r-l(0)>^'r-l(l)''^r-l(2))(('^^)oi2; 

V: A(2)^Co (iio,-"i,f2)eA(2) 



(4.25) 



Here 



trTi 



Po 



Z 



r{s) 



sgA(4) 



(4.26) 



replaces the partition function per colouring in the case of the new vertex order, r(s) denotes 
(r~^(0) . . . r~^(4)) for a given 4-simplex s = (01234), and tV is the colouring induced by r, 
i.e. (Ty)oi2 = K-i(0)r-i(i)r-i(2) for all triangles (fo,fi,f2) & A(2). 

The permutation r replaces triangles (012) by (r~^(0)r~^(l)r~^(2)) and therefore just 
permutes the factors of the product in ( [4.25| ). This product can be reorganized so that we 
obtain 



V: A(2)- 



w{vo,Vi,V2){Voi2] 

(Do,«^i,f2)eA(2) 



^ 1- 1 



(4.27) 



where the vertex order of the triangles does not matter because of the reality condition ( 4.14| ). 

Any permutation r which just permutes the 4-simplices but does not change the vertex 
order of these 4-simplices, permutes the tensor factors in ( 4.26| ) and therefore leaves the trace 
invariant. It is thus sufficient to prove invariance under permutations r that change the vertex 
order for fixed 4-simplices. 

Consider a 4-simplex s = (01234) and and let r be an elementary transposition, r € 
{(01), (12), (23), (34)}. The colouring tV associates with each triangle {wo,wi,W2) G A^^^ 
either the object V{w3,W4,W5) assigned to some triangle {ws,W4,W5) € A^^) or the dual of 
that object. 

Since the set of colours Cq contains for each given object V exactly one object that is 
isomorphic to V*, there exists a unique colouring V : A^^^ Cq such that F012 — {t^)oi2 
for all triangles. Moreover since r is a transposition, {tV)qi2 — ^012 so that r induces an 
involution on the set of colourings A^^) — Cq. We can now sum over V rather than V in (K2% 
and obtain 



Zr 

ZiV) 



X] ( n w{vo,Vi,V2){Voi2] 



zi^l 



P< 



z 



t{s) 



seA(4) 



(4.28) 
(4.29) 



where we have used ( [4.14 ) and where we have written V instead of V for simplicity. 

In the preceding lemmas we have constructed linear isomorphisms which form the vertical 
maps in commutative diagrams of the following form: 



4.3 Gauge Symmetry 
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Hq234: -f^0124 " -f^l234 -f^0134 -^0123 



$1 



$2 



$4 



Here the H^^^ are suitable state spaces such that the bottom horizontal map is related to the 
4-simplex map Z^^^^ ^ by the pairing (|4.5| ). The colouring V is such that V012 — Vbi2 for all 
triangles (012). 

Since each tetrahedron occurs twice in the boundary of some 4-simplices, once with positive 
and once with negative relative orientation, each state space ^^^r{jfc^m,) occurs twice among 
the H^^\ once as H^(^ji^£,i^^ and once as the dual state space H*^^.^^^y In both cases, the 
corresponding map <I>j is the same, either one of the or the identity. Therefore the tensor 
product of all 4-simplex maps is conjugated by a linear isomorphism $ which can be obtained 
from a tensor product of these 



ZiVUes) 



sGA(4) 



seA(4) 



(4.30) 



Observe that here £,-(5) = —Eg and that the colouring V can be replaced by F as a consequence 
of Theorem 4.12 . 

Since z| is the trace over ( [1.30 ), we find Zi^^ = Z(^) and therefore Zr = Z. □ 



4.3 Gauge Symmetry 

In order to understand the gauge symmetry of LGT in the picture of the Spin Foam Model, 
consider first the case in which C is the category of finite-dimensional representations of the 
gauge group G. The group then acts on its representations via natural equivalences {t^g^^)y, 

g G G, i.e. natural isomorphisms : V ^ V for all objects V. 

In LGT on the 2-complex (V, E, F) dual to the simplicial complex A^*) , consider a gauge 
transformation involving only one vertex v £ V. This means that the group elements ge 
attached to the edges e & E are transformed as 

ge^ ge- V^ if = d-e, (4.31a) 
Qe^ K- ge, if V = d+e, (4.31b) 

for hy £ G while all other variables ge remain unchanged. For each polygon containing the 
vertex v in its boundary, precisely two edges are affected in such a way that the effect of the 
transformation cancels for the polygon. 

In the spin foam picture, only the 4-simplex dual to the vertex v £ V \s affected. Let 
(^70,^1,^2) denote the triangle to which a polygon is dual. The gauge transformation then 

inserts natural isomorphisms tg^"^^-* and (ig^°^^^) into the ribbon corresponding to that 
triangle, i.e. to the ribbon labelled by the object Voi2- These isomorphisms cancel. 
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In the categorical picture, however, this symmetry can be understood in other terms. Let 
now C denote any admissible ribbon category and choose a colouring V : A^^^ — s- Cq. Consider 
a morphism (/3oi23 ^ -f^0i23, J-e. (fous- V123 ^ Vbi3 Vqu ^ ¥023- Then for any natural 
equivalence (t^^^)y, naturality means 

= {t^^'"'^ O t^^o^^)) o (^0123 o (t(^i23)-^ ^ (4_32) 

If this transformation for the natural equivalence (t'^^^)y is applied simultaneously to all 
morphisms (pjkim in Figure ^2|(a) or (b), the isomorphisms t^'^i^'-) cancel pairwise in each 
ribbon, and the quantum trace remains unchanged. 

In the categorical description of the Spin Foam Model, the gauge symmetry is therefore 
automatically implemented. It is just the naturality property of natural equivalences together 
with the fact that all ribbon diagrams used in the definition of the partition function are 
quantum traces. 



4.4 Wilson loop and spin networks 



Having generalized the partition function of LGT to ribbon categories, it is desirable to 
understand the corresponding generalization for the observables of LGT, namely for Wilson 
loops and spin networks (Definition |3.5| ) . 

In order to define the expectation value of a spin network, recall that the quantum traces 
in Figure |l^ generalize the four-dimensional version of Figure ^(a). One should therefore 
extend Figure ^ and include five additional ribbons and one coupon for the spin network as 
Figure |6|(b) suggests. However, it seems to be impossible to find a ribbon diagram which has 



the symmetries required in Section 4.2 



A possible explanation is the following argument. In the Lie group case, the spin net- 



work ( 3.17 ) attaches representations to the edges and morphisms to the vertices of the 2- 
complex {y,E,F). Its generalization to the ribbon case should therefore be given by a 
ribbon graph in four dimensions. In four dimensions, however, there is no canonical way 
of associating to each ribbon graph a morphism in the ribbon category C because there is 
no four-dimensional analogue of the Reshetikhin-Turaev functor. It is conceivable that the 
notion of a spin network in four dimensions using ribbon categories is not a good definition. 



For the construction of observables that generalize Definition 3.5 to the case of ribbon 
categories, one has therefore to choose a linear order of vertices on which the result will then 
depend in a crucial way. Spin network observables are thus defined for simplicial complexes, 
but not in general for combinatorial complexes. 

These restrictions are important if one wants to construct particular physical models which 
are based on a Spin Foam Model using ribbon categories. It remains to be studied under which 
conditions one can define at least a certain class of observables and how the dependence on 
the vertex order can be interpreted. The reader is also referred to the diagrammatic approach 
to observables in three dimensions in IHI. 



5 Special cases and generalizations 



The partition function ( 4.13D of the Spin Foam Model using ribbon categories covers a number 



of special cases which were already known in other contexts. In this section, we comment on 
the relations between these models. 



5.1 Lattice Gauge Theory 
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5.1 Lattice Gauge Theory 

The category C = Rep G of finite-dimensional representations of a compact Lie group G forms 
a semi-simple admissible ribbon category. The relation of the Spin Foam Model with LGT 
holds if the set of colours Cq is a set containing one representative of each equivalence class 
of simple objects. 

In this case one can use the generic Boltzmann weight (^]^) for any action which is local, 
i.e. evaluated once for each polygon, and which is a real and bounded L^-integrable class 
function of G. In particular, the standard Wilson action and the heat kernel or generalized 
Villain action are of this form. For details about these actions and about their character 



expansion, we refer the reader to standard textbooks such as |15, 1^]. 

In general the set of representatives Cq of the simple objects is countably infinite. However, 
the partition function ( [4. 131) is a convergent series because the Boltzmann weight is an L^- 
function, and its character expansion therefore forms a square summable series due to the 
Peter- Weyl Theorem. For more details, see [17, 25|. 



In this case both pictures, LGT and the Spin Foam Model, are well-defined and are dual 
to each other in the sense of A comparison of the Spin Foam Model dual to LGT (3.11) 



and the generalization (|4.13| ) shows the following correspondences, cf. Table |l[ The sum over 
colourings of triangles/polygons and the weights w are explicitly contained in the partition 



function. The sum over colourings of tetrahedr a/edges with morphisms is explicit in ( 3.11 ) 



and it is the result of the trace over the tensor product ?i in ( [4.11 ). The weights C{v 



per 4-simplex/vertex are given by the formula ( |3.12 ) and agree with the quantum traces of 



Figure [T^ which appear as a result of the trace over the 4-simplex maps in ( 4.11| ). 

For standard actions of LGT such as Wilson's action or the heat kernel action, the char- 
acter expansion coefficients behave qualitatively like ex.p{^s*{Vp)) if the Boltzmann weight is 
of the form exp (/3s ((/)). Here /3 is the inverse temperature, s{g) denotes the action and s*{Vp) 
the dual action, a function assigning a real number to each finite-dimensional irreducible rep- 
resentation of G. The transformation between LGT and the Spin Foam Model thus realizes 
a low temperature — high temperature duality or a strong-weak duality in the bare coupling 
5-0 if /? = l/s-o- 

(2) 

For the heat kernel action, the dual action s*(Vp) ~ Cp is essentially given by the second 

(2) 

order Casimir operator Gp of the representation. One can thus sort the configurations of 
the Spin Foam Model by the sum of the Casimir eigenvalues over all triangles, and recovers 
the full strong coupling expansion of non-Abelian LGT. 

Observe finally that LGT was formulated here on the 2-complex dual to a generic trian- 
gulation. In order to obtain the usual continuum limit, the Boltzmann weight w{vq,vi,V2) 
should now depend on the geometry of the triangle {vo,vi,V2) in a suitable way. 

5.2 Gauge theory with finite groups 



If C = Rep G is the category of representations of a finite group G, all comments of Section 5.1 
still apply. In this case, there are only finitely many simple objects up to isomorphism and the 
partition functions in both pictures, in LGT and in the Spin Foam Model, are well-defined. 
It is now also possible to study the 'topological' Boltzmann weight 

w{g) = 6{g):=(f\^'^^J = ^^ i.e. Wp = dimVp. (5.1) 
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With suitable prefactors, the partition function is then independent of the triangulation and 
thus forms a topological invariant which is well known and depends only on the gauge group 
and on the first fundamental group of the manifold. See, for example, the comments in 



Section 2.2 of |28| 



5.3 The Crane— Yetter state sum 

Let C be a finitely semi-simple and admissible ribbon category satisfying the conditions of 



Corollary 2.11 and Cq be a set containing one representative for each equivalence class of 
simple objects. This case is beyond the standard formulation of LGT, and only the Spin 
Foam Model ( 4.13| ) makes sense. The partition function is a finite sum. It is again possible 



to choose 'topological' Boltzmann weights which here means the quantum dimension of the 
simple objects, 

w{V) = qdimV. (5.2) 



With suitable prefactors the partition function ( 4.13 ) agrees with the Crane- Yetter invari- 
ant [^. For a comparison of Figure |l^(a) with the main diagram in ||T^, observe that the 
state spaces -ffoi23 used in the present paper can be further decomposed employing semi- 
simplicity (|2.26| ), for example, 

^^0123 = Hom(yi23 ® Voi3, Voi2 ® V023) = Hom(Vi23 «) 1^013, J) ® Hom( J, ^012 ® ^023)- 

(5.3) 

If this decomposition is applied to the state spaces associated with all tetrahedra, one has 
to colour in addition the tetrahedra with simple objects (the J in ( |5.3| )) and the tetrahedra 
(0123) with two types of morphisms, IIom(T/i23 (8) V013, J) and Hom(J, V012 ^023)- These 
colourings are used in the standard formulation of the Crane- Yetter state sum in |l^. Note 
that the additional weight 1/ qdim J per tetrahedron in [^] is a consequence of the choice of 
bases of Hom(Vi23 ^ V013, J) and IIom(J, Vqu ® ¥023)- 

5.4 The generic case 

The construction presented generalizes LGT and the Crane- Yetter state sum, but also con- 
tains the generic case. Here C is any admissible ribbon category, in particularly not required 
to be semi-simple, and the weights w{V) for given simple objects V can be quite freely chosen. 
If the set of colours Cq is finite, the partition function is a finite sum and thus well-defined 
for any choice of weights. If Cq is a countable set, similar convergence issues arise as for Lie 
groups [0 . Note that here it is also necessary to examine the quantum traces of Figure 12 
in order to prove convergence of the partition function. 

5.5 Generahzations and the Barrett— Crane model 

If C = Rep G for a compact Lie group, for example, G = SU (2), and if the Boltzmann weight 
is chosen to be 'topological', 

w{g)=6{g), w{Vp) = dimVp, (5.4) 
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the partition function is just a (divergent) formal expression. This is the case for the Ooguri 
model which can be formulated in the LGT or in the spin foam picture. 

The simplest version of a Spin Foam Model of Barrett-Crane type is obtained from 
the Ooguri model for 5'0(4) in the spin foam picture by restricting the representations in all 
sums to the simple representations of 50(4). Simple here means that the representation is 
of the form V as a representation of SU (2) x SU{2) for some irreducible representation 
V of SU{2). 

In order to implement this restriction one can choose the set of colours Co to contain one 
representative per isomorphism class of simple representations of 50(4). However, in addition 
one has to restrict the sum over J in ( ^.31) to simple representations. As a consequence the 
state spaces -ffoi23 are certain subspaces of Hom(yi23 Vqis, V012 ^023)- 

The results of the present paper can be generalized to state spaces that are subspaces of 
Hom(Vi23 (X" V013, V012 (8) V023) as long as the pairing ( [4.5D and the maps Tj of Definition can 
be consistently restricted to these subspaces. The correspondence with LGT with a partition 
function (3.1) is, however, lost as a consequence of this generalization. 



6 Conclusion and Outlook 

The Spin Foam Model for ribbon categories defined in the present paper generalizes the Spin 
Foam Model dual to Lattice Gauge Theory (LGT) and can be used as a definition of LGT for 
gauge groups which are quantum groups rather than Lie groups. Furthermore the definition 
presented here encompasses state sum models that are of interest both in topology and in 
quantum gravity. The definition presented provides a bridge between the standard (Lie group) 
formulation of LGT and the Crane- Yetter invariant which uses ribbon categories. It can also 
be used to construct other Spin Foam Models that do not correspond to Topological Quantum 
Field Theories and provides proofs that they are well-defined. This work might finally help 
to make the relation of LGT and the Spin Foam Models used in other areas more transparent 
and the common concepts and open questions more accessible. 

If one seeks to construct even more general Spin Foam Models than defined here, it is worth 



pointing out that consistency of the definition restricts the quantum traces of Figure 12 very 
tightly. The introduction of further weights, however, seems to be much easier to achieve. 
The definition of LGT with ribbon categories presented here is restricted to 4 dimensions. 



Technically, this is due to the fact that the key diagrams in Figure 12 are hand made for 
this construction. Due to the generality of ribbon categories it involves choices of over- or 
under-crossings, and only with a good choice is the partition function well-defined. While the 
corresponding approaches in d = 3 ||2|,|3| are canonical in the sense that their construction is 
well-defined due to general principles, the d = 4 construction presented here involves choices 
and one has to verify a posteriori that it is consistent. It is not obvious whether the result 



of [29 1 in arbitrary dimension in the Lie group case can be generalized to ribbon categories. It 
is, in any case, a striking observation that there exist constructions in d = 3 Q and in d = A 
(presented here) which both generalize the Spin Foam Model dual to LGT. Notice, however, 
that the d = 3 case can be handled with spherical categories Q which are more general than 
ribbon categories. For the construction in d = 4, we make explicit use of ribbon categories 



because the basic diagrams in Figure 12 always contain a crossing. If ribbon categories are 
used in the construction in d = 3, all spin network observables can be defined Q whereas 
in d = 4 there are no canonical expressions for the spin network observables anymore. It 
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therefore seems that one has to use more and more restrictive structures if one wishes to 
increase the dimension. 

Acknowledgements 

The author is grateful to the German Academic Exchange Service DAAD for his HSP III 
scholarship. I would like to thank R. Oeckl for stimulating discussions, in particular for 
many suggestions concerning the categorical framework, and for providing me with prelimi- 
nary versions of Q. I am furthermore grateful to A. J. Macfarlane, S. Majid, D. Oriti and 
R. M. Williams for discussions, for comments on the manuscript and on relevant literature. 

References 

[1] K. G. Wilson: Confinement of Quarks. Phys. Rev. D 10, No. 8 (1974) 2445-2459. 

[2] D. V. BOULATOV: q-deformed lattice gauge theory and 3-manifold invariants. Int. J. 
Mod. Phys. A 8, No. 18 (1993) 3139-3162, hep-th/9210032. 

[3] R. Oeckl: Lattice gauge theory, spin foams and quantum groups. In preparation 
(2001). 

[4] R. DiJKGRAAF and E. WiTTEN: Topological gauge theories and group cohomology. 
Comm. Math. Phys. 129 (1990) 393-429. 

[5] M. Wakui: On Dijkgraaf-Witten invariant for 3-manifolds. Osaka J. Math. 29, No. 4 
(1992) 675-696. 

[6] V. G. TuRAEV and O. Y. ViRO: State sum invariants of 3-manifolds and quantum 
6j-symbols. Topology 31, No. 4 (1992) 865-902. 

[7] J. W. Barrett and B. W. Westbury: Invariants of piecewise-hnear 3-manifolds. 
Trans. AMS 348, No. 10 (1996) 3997-4022, hep-th/9311155. 

[8] J. C. Baez: An introduction to spin foam models of BF theory and quantum gravity. 
In Geometry and quantum physics, Lecture Notes in Physics 543. Springer, Berlin, 
2000, pp. 25-93, gr-qc/9905087. 

[9] L. Crane and D. N. Yetter: A categorical construction of Ad topological QFT. In 
Quantum Topology, Series on Knots and Everything 3. World Scientific, Singapore, 
1993, pp. 12-130, hep-th/9301062. 

[10] L. Crane, L. H. Kauffmann and D. N. Yetter: State-sum invariants of 4- 
manifolds. J. Knot Th. Ramif. 6, No. 2 (1997) 177-234, hep-th/9409167. 

[11] M. P. Reisenberger and C. Rovelli: 'Sum over surfaces' form of loop quantum 
gravity. Phys. Rev. D 56 (1997) 3490-3508, gr-qc/9612035. 

[12] J. C. Baez: Spin foam models. Class. Quant. Grav. 15, No. 7 (1998) 1827-1858, 
gr-qc/9709052. 



REFERENCES 



39 



[13] H. OOGURI: Topological lattice models in four dimensions. Mod. Phys. Lett. A 7, 
No. 30 (1992) 2799-2810. 

[14] J. W. Barrett and L. Crane: Relativistic spin networks and quantum gravity. J. 
Math. Phys. 39, No. 6 (1998) 3296-3302, gr-qc/9709028. 

[15] I. MONTVAY and G. MUNSTER: Quantum fields on a lattice. Cambridge University 
Press, Cambridge, 1994. 

[16] H.J. ROTHE: Lattice Gauge Theories — An Introduction. World Scientific, Singapore, 
1992. 

[17] R. Oeckl and H. Pfeiffer: The dual of pure non-Abelian lattice gauge theory as a 
spin foam model. Nucl. Phys. B 598, No. 1-2 (2001) 400-426, hep-th/0008095. 

[18] M. E. Peskin: Mandelstam-t'Hooft Duality in Abelian Lattice Models. Ann. Phys. 
113 (1978) 122-152. 

[19] R. Savit: Duality in field theory and statistical systems. Rev. Mod. Phys. 52, No. 2 
(1980) 453-487. 

[20] R. Anishetty, S. Cheluvaraja, H. S. Sharatchandra and M. Mathur: Dual 
of 3-dimensional pure SU{2) lattice gauge theory and the Ponzano-Regge model. Phys. 
Lett. B 314 (1993) 387 390, hep-lat/9210024. 

[21] V. Chari and A. Pressley: A Guide to quantum groups. Cambridge University 
Press, Cambridge, 1994. 

[22] S. Majid: Foundations of quantum group theory. Cambridge University Press, Cam- 
bridge, 1995. 

[23] N. Reshetikhin and V. G. Turaev: Ribbon graphs and their invariants derived from 
quantum groups. Comm. Math. Phys. 127 (1990) 1-26. 

[24] T. Brocker and T. TOM Dieck: Representations of Compact Lie Groups. Graduate 
Texts in Mathematics 98. Springer, New York, 1985. 

[25] R. Carter, G. Segal and L Macdonald: Lectures on Lie groups and Lie alge- 
bras. London Mathematical Society Student Texts 32. Cambridge University Press, 
Cambridge, 1995. 

[26] V. G. Turaev: Quantum invariants of knots and 3-manifolds. Walter de Gruyter, 
Berlin, 1994. 

[27] S. MacLane: Categories for the working mathematician. Graduate Texts in Mathe- 
matics 5. Springer, Berlin, 1973. 

[28] D. V. Boulatov: Quantum deformation of lattice gauge theory. Comm. Math. Phys. 
186 (1997) 295-322, hep-th/9604117. 

[29] G. Carbone, M. Carfora and A. Marzuoli: Hierarchies of invariant spin models. 
Nucl. Phys. B 595, No. 3 (2001) 654-688, gr-qc/0008011. 



REFERENCES 




Figure 13: This diagram is isotopic to the quantum trace -^01^34"^^ in Figure 12(a), 
cf. Lemma 4.14| and Lemm a [4.16| . The morphisms in the dashed boxes are by 
definition of tq (Definition [4.4|) just morphisms ^1024 ^ -^^1024' V^i034 £ -f^i034 
and (/51023 G -f^i023- With these replacements this quantum trace is similar to 
Figure ^(b) defining .2^^0234 ^ for opposite relative orientation with a non-standard 
order (10234) of vertices. Note that the permutation (01) € ^5 also replaces V012, 
V013 and Vqi4 by their duals according to Definition ^.11. 
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V'0214 




V'0213 ^' 



Figure 14: This diagram is isotopic to the quantum trace defining ^01234^'* 



Figure ^(a), cf. Lemma 4.15 and Lemma 4.17 . 



